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1. INTRODUCTION 
<.,J 

The f r e q u e n c y  Fc and q u a l i t y  f a c t o r  Qc o f  t h e  Chand le r  wobble,  t h e  
e a r t h ' s  f r e e  n u t a t i o n  w i t h  a n e a r l y  1 4  month p e r i o d ,  a re  of c o n s i d e r a b l e  
g e o p h y s i c a l  i n t e r e s t  b e c a u s e  t h e y  p r o v i d e  i n f o r m a t i o n  a b o u t  t h e  e a r t h ' s  
e l a s t i c  and a n e l a s t i c  p r o p e r t i e s  a t  a frequency w e l l  below t h e  seismic band; 
Smith and Dahlen (1981) provide a thorough t e v i e v  o f  t h e  r e l a t i o n s h i p s  between 
Fc, Qc and t h e  earth's phys ica l  p roper t ie r .  

E s t i m a t e s  o f  Fc and Qc a r e  made f rom o b s e r v a t i o n s  of p o l a r  m o t i o n ,  t h e  
movement of  t h e  r o t a t i o n  ax is  wi th  respec t  t o  geographical  coordinates.  I n  
t h i s  s t u d y  w e  u s e  t h e  mon th ly  p o l a r  m o t i o n  ser ies  of t h e  I n t e r n a t i o n a l  
La t i t ude  Se rv ice  (ILS) (Yumi and Yokoyama, 19801, f o r  t h e  per iod January 19W 
through December 1978, w i th  supplementary d a t a  f o r  the  per iod 1979-1985. The 

. ILS d a t a  fo rm t h e  l o n g e s t  a v a i l a b l e  ser ies  t h a t  h a s  been  r educed  i n  a 
homogeneous way, and should provide t h e  most r e l i a b l e  es t imates .  For the  
p e r i o d  1979-1985, b o t h  t h e  S a t e l l i t e  L a s e r  Ranging (SLR) d a t a  ( B I E  a n n u a l  
r e p o r t s )  and o p t i c a l  a s t rome t ry  data ( I n t e r n a t i o n a l  La t i t ude  Observatory of 
Mizusawa [ILOM]) a r e  ava i lab le .  We smoothed and then  i n t e r p o l a t e d  both SLR 
and I L O U  s e r i e s  w i t h  a c u b i c  s p l i n e  t o  o b t a i n  p o l e  p o s i t i o n s  a t  t h e  same 

i n t e r v a l s  a s  t h e  ILS series. The r e s u l t s  f r o m t h e  combined ILWSLR and 
ILS/ILOM s e r i e s  were e s s e n t i a l l y  i d e n t i c a l ,  and t h e  remainder of  t h i s  paper, 
w i l l  r e f e r  t o  t h e  r e su l t s  obtained with t h e  ILS/ILOM series. 

We u s e  e s t i m a t o r s  t h a t  were d e v e l o p e d  by J e f f r e y s  i n  two p a p e r s  
a p p e a r i n g  i n  1940 and  1968. The symbols  Fc and Qc d e n o t e  t h e  t r u e  v a l u e s  o f  
t h e  p o l a r  mot ion  p a r a m e t e r s ,  w h i l e  F and Q i n d i c a t e  e s t i m a t e s .  We r e f e r  t o  
t h e  e s t i m a t o r  f rom t h e  1940 paper  by t h e  Roman n u m e r a l  I, and t o  e s t ima tes  
d e r i v e d  f rom i t  a s  F ( I ) ,  Q ( 1 ) .  S i m i l a r l y ,  F ( I 1 )  and Q ( I 1 )  r e f e r  t o  t h e  
e s t i m a t o r s  i n  J e f f r e y s  1968 paper. Both I and I1 were developed from maximum 
l i k e l i h o o d  arguments, assuming t h a t  a Gaussian random process  i s  the cause of 
p o l a r  m o t i o n  n e a r  t h e  While t h i s  may n o t  b e  c o r r e c t ,  
Uonte  C a r l o  e x p e r i m e n t s  d e m o n s t r a t e  t h a t  i t  i s  p r o b a b l y  n o t  a c r i t i c a l  
assumption,  p a r t i c u l a r l y  f o r  estimator 11. The Monte Carlo experiments  a l s o  
pe rmi t  an eva lua t ion  of e s t i m a t o r  b i a s  and var iance  i n  t h e  presence of noise.  

Chand le r  f requency .  
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I . 
2. ALTOREGRESSIVE DESCRIPTION OF POLAR HOTION 

The d i s c r e t e  po la r  motion equat ion (Wilson, 1985) i s  t h e  foundation fo r  
understanding J e f f r e y s '  maximum l ike l ihood e s t ima to r s .  This  equat ion  r e l a t e s  
t i m e  s a m p l e s  o f  p o l e  p o s i t i o n ,  n, t o  t i m e  s a m p l e s  o f  t h e  e x c i t a t i o n  a x i s  
pos i t i on ,  X. Using t h e  complex pole  coord ina te  d e s c r i p t i o n  i n  which the  r e a l  
p a r t  i s  a s soc ia t ed  wi th  motion along t h e  Greenwich meridian,  and t h e  imaginary 
p a r t  w i t h  motion along 90 degrees  e a s t  longi tude ,  t h e  equat ion  i s  

where 

WP - R =  
i exp(-i V FcT) 

S = exp(iWT) 

W = 2xFc( l+ i /ZQc)  

Fc is t h e  Chandler frequency expressed i n  c y c l e s  per  year  (cpy), and Qc is t h e  
- . dimens ionless  q u a l i t y  f a c t o r ,  p ropor t iona l  t o  t h e  exponent ia l  decay t i m e  Qc& 

Fc. T i s  t h e  time i n t e r v a l  between observa t ions ,  measured i n  years ,  and t i s  
t h e  t i m e  i n d e x  which t a k e r  on i n t e g e r  v a l u e s .  An e q u a t i o n  s i m i l a r  t o  (1) 
appeared i n  Je f f r eys '  1940 paper, d i f f e r i n g  on ly  i n  the  va lue  f o r  t h e  cons t an t  
R, and t h e  t i m e  i n d e x  of X, t h e  e x c i t a t i o n  series. The c h o i c e  o f  R i n  (1) 

Equation (1) i s  a 
d i s c r e t e  v e r s i o n  o f  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  based  on E u l e r ' r  
r i g i d  body equat ions ,  and provider  a very  good approximation f o r  t h e  case  of 
t h e  ILS 'data where T= 1/12 year. 

z 

' produces X i n  t h e  same u n i t s  and coord ina te  s y s t e m  as X. 

E s t i m a t i n g  Fc and Qc r e q u i r e s  t h a t  w e  f i n d  t h e  c e n t r a l  f r e q u e n c y  and 
width of a s p e c t r a l  peak from a f i n i t e  l e n g t h  time s e r i e s ,  a problem t h a t  has  
rece ived  a g r e a t  d e a l  of a t t e n t i o n  i n  geophysical ,  t i m e  series, and e l e c t r i c a l  
engineer ing  l i t e r a t u r e .  Although there  ex is t  many methods to  so lve  t h i s  type  
o f  p r o b l e m ,  some F o r  example ,  i f  X i s  a b r o a d  
band p r o c e s s ,  t h e n  p o l a r  mot ion  has  a c o n t i n u o u s  r a t h e r  t h a n  d i s c r e t e  
spectrum near  t h e  Chandler frequency, and w i l l  no t  be s t r i c t l y  s i n u s o i d a l  i n  
t ime. Thus,  f i t t i n g  s i n u s o i d s  (ha rmon ic  a n a l y s i s ) ,  which  i s  a s u i t a b l e  
method f o r  l i n e  s p e c t r a ,  a s  found i n  t i d a l  s t u d i e s ,  f o r  example ,  i s  
i n a p p r o p r i a t e  f o r  t h e  Chandler wobble. 

a r e  c l e a r l y  i n a p p r o p r i a t e .  

Autoregress ive  s p e c t r a l  ana lys i s ,  o f t e n  c a l l e d  Maximum Entropy Spec t r a l  
A n a l y s i s  (MESA) (Ul rych  and Bishop,  1975)  seems p a r t i c u l a r l y  a p p r o p r i a t e  
b e c a u s e  e q u a t i o n  (1) shows t h a t  t h e  p o l a r  m o t i o n  t i m e  s e r i e s  i s  an  
a u t o r e g r e s s i v e  process  of  order  1 (AR-1)  i f  X i s  a Gaussian random process  and 
t h e  d a t a  a r e  f r e e  of noise.  Unfortunately,  a noisy po la r  motion time series i s  
no  l o n g e r  a s i m p l e  A R - 1  p r o c e s s  (Box and J e n k i n s ,  19701, and o b s e r v e d  p o l a r  
motion c o n t a i n s  a d r i f t  8nd annual component which do not conform t o  the AR-1 
model. Following J e f f r e y s  we r e t a i n  t h e  AR-1 model by removing t h e  d r i f t  and 
t h e  a n n u a l  t e r m ,  a n d  a p p l y i n g  a c o r r e c t i o n  f o r  no i se .  T h i s  p r e s e r v e s  t h e  
s i m p l i c i t y  which permi ts  a n a l y t i c a l  express ions  f o r  both t h e  e s t i m a t e s  and 



t h e i r  u n c e r t a i n t y .  A l t e r n a t i v e l y ,  o n e  coi t ld  a l l e v  the order of t h e  AR 
p r o c e s s  t o  i n c r e a s e  t o  accommodate t h e  a d d i t i o n a l  v a r i a n c e  i n t r o d u c e d  by  
n o i s e ,  d r i f t ,  e t c ,  which i s  e q u i v a l e n t  t o  l e n g t h e n i n g t h e  P r e d i c t i o n  E r r o r  
F i l t e r  i n  t h e  MESA (Vicente and Currie,  1976): o r  one might in t roduce  a more 
complicated Auto Regressive-Moving Average ( A R M )  model t o  inc lude  t h e  e f f e c t s  
of n o i s e  and d r i f t  ( b e ,  1978 and Wilson, 1979). 

Assuming t h e  AR-1 model t o  hold,  any l i n e a r  combination of H i s  a l s o  an 
i s  a n  a v e r a g e  o f  N a d j a c e n t  AR-J p r o c e s s .  

samples 
The s i m p l e s t  l i n e a r  c o m b i n a t i o n  

t + N - 1  
c 

nt Hk 
N k = t  

(2a) 

The square  root ( N )  normal iza t ion  keeps the s tandard  d e v i a t i o n  of the  no i se  
i n  t h e  a v e r a g e  e q u a l  t o  t h a t  i n  t h e  o r i g i n a l  d a t a .  Time s a m p l e s  o f  non 
over lapping  averages w i l l  obey equat ion (2b), which i s  s imilar  i n  form t o  (1): 

where 
i n t e r v a l .  Equation (2) is t h e  b a s i s  f o r  e s t i m a t o r  I. 

<X> d e n o t e s  a n  a p p r o p r i a t e  a v e r a g e  of t h e  e x c i t a t i o n  o v e r  t h e  

Ano the r  l i n e a r  c o m b i n a t i o n  of I4 i s  t h e  F o u r i e r  c o e f f i c i e n t  a t  t h e  
frequency of +6/7 cpy (=O,8571 cpy! as determined fro= e 14 month segment of 
t h e  monthly time series. The motivat ion f o r  using t h i s  type  of average i s  t h a t  
t h e  Four i e r  series c o e f f i c i e n t  i s  a narrow-band f i l t e r e d  ve r s ion  of  the  da ta ,  
and thus  w i l l  c ap tu re  the  s i g n a l  of the Chandler vobble,  wh i l e  r e j e c t i n g  most 
of t h e  broad band noise. For t h e  Q t h  segment t h i s  c o e f f i c i e n t  is 

14(+13 

where t h e  square roo t  normal iza t ion  again provides  t h e  same s tandard  e r r o r  i n  
A e  a s  i n  t h e  o r i g i n a l  d a t a .  The sequence  o f  t h e s e  F o u r i e r  c o e f f i c i e n t s  
determined from ad jacen t  non-overlapping 1 4  month segments obeys an equat ion  
s i m i l a r  t o  (21, and ad jacent  c o e f f i c i e n t s  i n  segments , -1 are r e l a t e d  by 

Ae = R <X> e e -1 
+ S  A (3b) 

which i s  of t h e  same form a s  (2) or  (l), except  t h a t  now <X> i s  an appropr i a t e  
average  of  t h e  6/7 cpy Four ie r  s e r i e s  c o e f f i c i e n t s  of t h e  e x c i t a t i o n  funct ion.  
Equation (3)  forms t h e  b a s i s  f o r  e s t ima to r  11. 



3. EAXIYUH LIKELIHOOD ESTIMATES 

The annual motion and the  s l o v  d r i f t  mus t  be removed because they do not 
conform t o  t h e  AR-1 model. We u s e  J e f f r e y s '  (1968)  p r o c e d u r e  t o  remove t h e  
d r i f t :  t h e  da ta  are divided i n t o  subsets  con ta in ing  seven yea r s  of da ta ,  which 
is e x a c t l y  7 a n n u a l  p e r i o d s  and c l o s e  t o  6 Chandler  p e r i o d s : t h e  mean v a l u e  
over each 7 year  per iod is computed: a cub ic  s p l i n e  i n t e r p o l a t e r  i s  appl ied  
t o  each component of  t h e  7 year  means to o b t a i n  monthly va lues  of  t h e  d r i f t :  
f i n r l l y ,  the  i n t e r p o l a t e d  d r i f t  s e r i e s  is sub t r ac t ed  from t h e  o r i g i n a l  data.  
Figure 1 shows the d r i f t  computed i n  t h i s  way. Af t e r  s u b t r a c t i n g  t h e  d r i f t ,  
t h e  a n n u a l  component  is d e t e r m i n e d  by f i n d i n g  t h e  b e s t  l e a s t  s q u a r e s  f i t  
s i n u s o i d  a t  a f r e q u e n c y  of  1 cpy. In  u n i t s  o f  o i l l i  a r c  s e c o n d s  (mas)  t h e  
annual term i s  

(-45.4 C O S ( + )  - 84.2 s i n ( + )  ) + i(72.5 c o s ( + )  - 31.7 s i n ( + )  

o r  i n  terms of prograde and re t rograde  components 

(-38.6 + i78.3)exp(i+)  + (-6.8 - i5 .9)exp(i-)  

The arguments of t h e  t r i gonomet r i c  func t ions  are r ad ians  a f t e r  a f t e r  January 
1, w i t h  t h e  symbol s  (+) or (-1 i n d i c a t i n g  t h e  s i g n  o f  t h e  a rgument .  A f t e r  
s u b t r a c t i n g  t h e  d r i f t  and annual terms, t h e  remaining series, shown i n  Figure 

- . 2, is assumed t o  be t h e  Chand le r  wobble a r i s i n g  f rom a G a u s s i a n  random 
e x c i t a t i o n ,  wi th  added noise  which i s  independent from month t o  month. 

I n  the maximum l i k e l i h o o d  method (MLH), it  is assumed tha t  forms a 
s e q u e n c e  of zero-mean G a u s s i a n  random numbers  w i t h  i n d e p e n d e n t  r e a l  and 
imaginary  par t s .  This  is reasonable because even i f  i n d i v i d u a l  va lues  of X 
a r e  n o t  G a u s s i a n ,  t h e  a v e r a g e s ,  c X > ,  w i l l  t e n d  t o  be by  the  C e n t r a l  L i m i t  
Theorem. F u r t h e r m o r e ,  i ndependence  among t h e  s e q u e n c e  o f  non-ove r l app ing  
a v e r a g e s  s h o u l d  improve  w i t h  i n c r e a s i n g  N, even  i f  a d j a c e n t  v a l u e s  of  X a re  
no t  independent. The MLH es t ima tes  correspond to  those va lues  of F and Q 
which minimize t h e  var iance  of t h e  s e r i e s  cX> determined from the d a t a  us ing  
e q u a t i o n s  ( 2 )  or  (31, b e c a u s e  l e a s t  s q u a r e s  and maximum l i k e l i h o o d  a r e  
equ iva len t  f o r  Gaussian random variables .  Since t h e  s t r u c t u r e  of e q u s i o n s  
( 2 )  and ( 3 )  is i d e n t i c a l ,  w e  p r e s e n t  t h e  e x p l i c i t  e x p r e s s i o n s  u s i n g  M t o  
r e f e r  e i t h e r  t o  t h e  s i m p l e  a v e r a g e  i n  (2)  o r  t o  t h e  F o u r i e r  c o e f f i c i e n t s  i n  
( 3 ) .  

- 

The e s t i m a t e s  depend on  t h e  d a t a  t h r o u g h  t h e  v a r i a n c e  U, and t h e  
covar iances  V and W. 

u = f (MJ2 - 2ps 2 

t=l 

L 

The number of  i n d e p e n d e n t  v a l u e s  of M i s  deno ted  b y  p, and U h a s  been  
c o r r e c t e d  b y  s u b t r a c t i n g  t h e  con t r ibu t ion  of t h e  noise ,  which has s tandard 
d e v i a t i o n  s i n  e a c h  component  of t he  complex  d a t u m .  NO n o i s e  c o r r e c t i o n  i s  



a p p l i e d  t o  V o r  W, because  t h e y  i n c o r p o r a t e  p r o d u c t s  
i n t e r v a l s  wi th  presumably uncorre la ted  e r ro r s .  Following Jeffreys,  we d e f i n e  

f rom non-ove r l app ing  

a = V A I  b = W/U 

and t h e  HLl l  e s t i m a t e s  a r e  

F = 1/(2IfrN) Tan-l(b/a) l / Q  = l n (a2  i b2)/(-mTN) (6 )  

For ds t ima to r  11, (equat ion 3), F i s  the c o r r e c t i o n  t o  t h e  t r i a l  frequency of 
6/7 cpy. Standard e r r o r s  f o r  a and b a re  g iven  by 

and may be used t o  c a l c u l a t e  t h e  corresponding e r r o r s  of t h e  es t imates .  Be- 
c a u s e  1 / Q  t e n d s  t o  be  n o r m a l l y  d i s t r i b u t e d ,  s t a n d a r d  e r r o r s  a r e  f i r s t  
c a l c u l a t e d  i n  terms o f  1 / Q ,  and t h e n  t h e  c o r r e s p o n d i n g  l i m i t s  f o r  Qc a r e  
determined from t h e i r  rec iproca ls .  

Table  1 shows e s t i m a t e s  and s tandard e r r o r s  ob ta ined  wi th  e s t i m a t o r  11, 
and e s t i m a t o r  I wi th  Nt1.2.3. F(I), F(II) ,  and a s soc ia t ed  r tandsrd  errors are 
p r a c t i c a l l y  independent of t h e  va lue  assumed f o r  S. bu t  Q<I) and Q<II) depend 
s t r o n g l y  on L. The b e s t  modern o p t i c a l  de t e rmina t ions  have s tandard error s 
o f  a b o u t  10 mas. For  t h e  ILS d a t a , J e f f r e y s  (1968)  e s t i m a t e d  s t o  b e  n e a r  30 

-mas  whi le  Wilson (1979) found s t o  be sbout 28 mas. Es t imates  of Qc are shown 
f o r  s = 10 and 30 mas. Table 1 shows t h a t  estimates obtained by zietfrods 1 and 
I1 a r e  g e n e r a l l y  i n c o n s i s t e n t  i n  t h a t  t h e i r  confidence i n t e r v a l s  do no t  over- 
l a p  i n  most cases.  Thus, one or both of the e s t i m a t o r s  must be a t  f a u l t ,  and 
w e  t u r n  t o  Uonte Carlo experiments i n  t h e  next  s e c t i o n  to d iscover  t h e  source  
of t h e  inconsis tency.  

- .  

He t hod 
and N 

1-1 

1-2 

1-3 

11-14 

Table 1 - Polar  Motion Parameter Es t imates  
From t h e  ILS/ILOM S e r i e s  1900-1985 

F Q(s= lhaS)  Q(s=30 0 mas) 
(CPY) 

0.8178 +/- 00116 10 (8,131 57 (37,114) 

0.8263 +/- -0067 15 (12.21) 35 (25,571 

0.8322 +/- -0106 18 (14,251 26 (25.57) 

0.8436 +/- .0022 123 (70,471) 134  ( 7 5 , 5 9 2 )  



I 4. MONTE CARLO EVALUATION OF ESTIHATORS 

Est imates  obtained by  methods I and I1 a r e  complicated func t ions  of t he  
d a t a ,  and i n v o l v e  o n l y  a p p r o x i m a t e  c o r r e c t i o n s  f o r  t h e  e f f e c t s  o f  no i se .  
Thus i t  i s  not  easy t o  a n a l y t i c a l l y  pred ic t  their  performance, a s  measured by 
b i a s  and v a r i a n c e ,  e s p e c i a l l y  i n  t h e  p r e s e n c e  o f  no i se .  For  t h i s  t a s k ,  we 
t u r n  to  Monte Carlo s t u d i e s  using s imulated po la r  motion da ta  c rea t ed  v i t h  a 
random number g e n e r a t o r .  With s i m u l a t e d  d a t a ,  t h e  t r u e  p o l a r  mo t ion  
pararpeters are known exac t ly ,  and w e  may compare t h e  e s t i m a t e s  from I and I1 
v i t h  t h e  known v a l u e s .  The Uonte C a r l o  e x p e r i m e n t s  c a n  a l s o  t e s t  t h e  
performance of t he  e s t i m a t o r s  when the da t a  d e v i a t e  from t h e  AR-1 model. 

The s imula ted  po la r  motion d a t a  were generated from Gaussian, zero mean, 
random numbers  a t  1 month i n t e r v a l s .  The s t a n d a r d  d e v i a t i o n  of t h e  
e x c i t a t i o n  v a s ' c h o s e n  t o  be 15 mas i n  e a c h  component  of X, based  upon 
e s t i m a t e s  o f  t h e  e x c i t a t i o n  power spec t rum n e a r  t h e  Chand le r  f r e q u e n c y  by  
Wilson and Haubrich (1976). The monthly va lues  of X v e r e  used t o  genera te  t h e  
s i m u l a t e d  p o l a r  m o t i o n  ser ies  u s i n g  e q u a t i o n  (11, v i t h  a n  i n i t i a l  p o l e  
p o s i t i o n  ampli tude t h a t  was a uniformly d i s t r i b u t e d  random number be tveen  50 
and 150 mas. Fc i n  e q u a t i o n  (1) v a s  f i x e d  a t  0.843 cpy,  and Qc V 6 s  s e t  a t  50, 
100, or  200. The G a u s s i a n  n o i s e  added t o  t h e  s i m u l a t e d  p o l a r  m o t i o n  series 
v a s  g iven  s tandard  dev ia t ions  varying between 0 and 40 mas i n  each coordinate.  

The Monte Carlo Experiments ve re  performed on ensembles of  50 independent 
se r ies  o f  1032 p o i n t s ,  c o r r e s p o n d i n g  t o  86 y e a r s  o f  mon th ly  d a t a .  The 50  
estizcstes o f  Qc and Fc v e r e  used t o  d e t e r m i n e  es t imator  b i a s  and s t a n d a r d  
d e v i a t i o n .  The a v e r a g e  p r e d i c t e d  s t a n d a r d  dev ia t ions  from equat ion (7) were 
a l s o  computed. The most s i g n i f i c a n t  f ind ing  from these experiments v a s  t h a t  
Method I1 was f a r  supe r io r  t o  I regard less  of the no i se  l e v e l  and t h e  va lue  o f  
Qc. For  example ,  s t a n d a r d  d e v i a t i o n s  of F ( I 1 )  v e r e  a n  o r d e r  o f  magn i tude  or  
more s m a l l e r  t h a n  t h o s e  for  F(1). For non-zero n o i s e  l e v e l s ,  Q ( I )  v a s  v e r y  
b i a s e d ,  y i e l d i n g  v a l u e s  t h a t  v e r e  an o r d e r  o f  magn i tude  t o o  sma l l .  T h i s  is 
c o n s i s t e n t  w i t h  t h e  very low va lues  for  Q(I> shown i n  Table I. Q(I1) v a s  a l s o  
biased by noise ,  as descr ibed  below. 

1 
. 

Addi t iona l  Monte Carlo experiments were conducted i n  which X cons i s t ed  of 
a w h i t e  n o i s e  s e r i e s  which had been  i n t e g r a t e d  once  o r  twice i n  t i m e .  T h i s  
r e p r e s e n t s  a depa r tu re  from the  AR-1 model, i n  t h a t  ad jacen t  va lues  of X a r e  
no  l o n g e r  independen t .  The pe r fo rmance  o f  e s t i m a t o r  I1 v a s  found t o  b e  
unchanged, and thus w e  conclude t h a t  t he  assumption t h a t  monthly va lues  of X 
a r e  Gaussian and independent i s  not  c r i t i c a l .  

While F(I1) i s  unbiased by noise ,  Q(II) becomes b iased  a s  the  noise  l e v e l  
i n c r e a s e s ,  a s  shown i n  f i g u r e  3. The b i a s  i s  approximately independent of  the 
v a l u e  o f  Qc. a c o r r e c t i o n  for  t h e  
e s t i m a t e  i n  T a b l e  I by t h e  f a c t o r  1.33, and a c o r r e s p o n d i n g  i n c r e a s e  i n  t h e  
upper l i m i t  on t h e  confidence i n t e r v a l  f o r  Qc. To be conservat ive,  w e  r e t a i n  
t he  o r i g i n a l  lower confidence l i m i t  on Qc. The Honte Carlo experiments  a l s o  
show t h a t  when s=30 mas, equat ion  ( 7 )  p r e d i c t s  s tandard  e r r o r s  for F ( I I )  and 
Q(I1) which agree reasonably w e l l  v i t h  t h e  observed s tandard dev ia t ions  i n  
t h e  Honte Carlo experiments.  

On t h e  b a s i s  of  t h i s  f i g u r e ,  w e  p r o p o s e  



5. DISCUSSION AND CONCLUSIONS 

T a b l e  2 summar izes  t h e  e s t i m a t e s  o b t a i n e d  i n  t h i s  s t u d y  by  method 11, 
i nc lud ing  t h e  adjustment  f o r  t he  b i a s  i n  Q as  d iscussed  above. Table 2 a l s o  
summarizes a number of o t h e r  published es t imates .  

E s t i m a t e s  o b t a i n e d  by  method I a r e  q u i t e  s i m i l a r  t o  t h o s e  r e p o r t e d  by 
J e f f z e y s  (1940) .  and i n  b o t h  cases  a r e  i n c o n s i s t e n t  w i t h  mi thod  I1 r e s u l t s .  
T h i r - i n c o n s i s t e n c y  i s  a t t r i b u t a b l e  t o  t h e  poor p e r f o r m a n c e  o f  method I, 
d e m o n s t r a t e d  by t h e  Monte C a r l o  expe r imen t s .  The supe r io r  performance of  
method I1 is due  t o  t h e  f a c t  t h a t  t h e  F o u r i e r  c o e f f i c i e n t s  d e r i v e d  f rom 1 4  
month s e g m e n t s  o f  t h e  d a t a  a t  6 /7  cpy have  v a s t l y  b e t t e r  s i g n a l  t o  n o i s e  
l e v e l s  than  an ind iv idua l  datum. The Four ie r  c o e f f i c i e n t  is e f f e c t i v e l y  a 
narrow-band f i l t , e r e d  ve r s ion  of  t h e  data  which preserves  t h a t  po r t ion  of t h e  
d a t a  wi th  t h e  best s i g n a l  t o  no i se  level.  Method I1 r e s u l t s  obtained i n  t h i s  
s t u d y  a r e  c o n s i s t e n t  w i t h  J e f f r e y s  (1968)  r e s u l t s  and w i t h  o t h e r  r e c e n t  
e s t ima tes .  

Method I1 i s  p r o b a b l y  s u i t a b l e  f o r  more g e n e r a l  s p e c t r a l  a n a l y s i s -  
p r o b l e m s  i n  which t h e  f r e q u e n c y  and w i d t h  o f  an  i s o l a t e d  peak a re  t o  be 

t r a d i t i o n a l  Four ie r  a n a l y s i s  and a u t o r e g r e s s i v e  s p e c t r a l  methods ,  u s i n g  t h e  
F o u r i e r  se r ies  a s  a n a r r o w  band f i l t e r  t o  f i r s t  r e j ec t  t h e  n o i s e  and t h e n  
a u t o r e g r e s s i v e  a n a l y s i s  a s  a s e n s i t i v e  h i g h  r e s o l u t i o n  e s t ima to r  o f  t h e  
c e n t r a l  frequency and s p e c t r a l  l i n e  width. 

e s t i m a t e d  i n  t h e  presence o f  noise. Method I1 c o n s t i t u t e s  a compromise between b. 

Source 

J e f f r e y s  (1940) 
J e f f r e y s  (1968) 
Ooe (1978) 
WilsonhVicente (1981 1 
This s tudy  
( b i a s  c o r r e c t e d )  

Table 2 
Polar  Motion Parameter Es t imates  

Method F Q 
I 0.8177 +/-. 0127 46 (37,601 
I1 0.8632 t/-. 0043 61 (37,193) 
ARMA 0.8400 t/-.0039 96 (50,300) 
ARMA 0.8430 t/-. 0070 175 (48,1000) 
I1 0.8435 +/-e0022 179 (75,789) 
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. .  
FIGURE CAPTIONS 

Figure 1: 
over  7 year  i n t e r v a l s  and cubic s p l i n e  i n t e r p o l a t e d  to monthly values. 

The d r i f t  removed from the  ILS/ILOH series a s  determined from means 

F i g u r e  2: The I L S / I L O H  s e r i e s  a f t e r  . r emova l  of d r i f t  and a n n u a l  
components. 

F i g u r e  3: The r a t i o  o f  e s t i m a t e d  Q by method XI t o  the t r u e  v a l u e  a s  B 
funca ion  of no i se  l e v e l .  Each symbol r e p r e s e n t s  t h e  r e s u l t  of an experiment  
i n  vh ich  an  ensemble of SO s imula ted  polar  motion series were used to  o b t a i n  
average v a l u e s  of l / Q ( I I ) ,  a s  descr ibed i n  t h e  tex t .  
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